The aim of this work is to establish some new fixed point theorems for generalized F-Suzuki-contraction mappings in complete b-metric spaces.
Introduction and mathematical preliminaries
by introducing a generalized F-Suzuki-contraction in b-metric spaces. We begin with some basic well-known definitions and results which will be used in the rest of this paper.
Throughout this paper, N  , N, R + , R denote the set of nonnegative integer numbers, the set of natural numbers, the set of positive real numbers, and the set of real numbers, respectively. Definition . Let F be the family of all functions F : R + → R such that:
(F) F is strictly increasing, i.e. for all x, y ∈ R + such that x < y, F(x) < F(y); (F) for each sequence {α n } ∞ n= of positive numbers, lim n→∞ α n =  if and only if lim n→∞ F(α n ) = -∞;
A new generalization of Banach contraction principle has been given by Wardowski In , Wardowski and Dung [] introduced the notion of an F-weak contraction and proved a related fixed point theorem as follows.
in which 
Theorem . [] Let T be a self-mapping of a complete metric space X into itself. Suppose that there exist F ∈ F and τ
>  such that, for all x, y ∈ X, d(Tx, Ty) >  ⇒ τ + F d(Tx, Ty) ≤ F d(x, y) .
Then T has a unique fixed point x
* ∈ X and for every x ∈ X the sequence {T n x}
Theorem . [] Let T be a self-mapping of a complete metric space X into itself. Suppose that there exist F ∈ F and τ >  such that
Then T has a unique fixed point x * ∈ X and for every x  ∈ X the sequence {T n x  } ∞ n= converges to x * .
Definition . []
Let X be a nonempty set and s ≥  be a given real number. A mapping d : X × X → R + is said to be a b-metric if for all x, y, z ∈ X the following conditions are satisfied:
In this case, the pair (X, d) is called a b-metric space (with constant s). 
Main results
We use F G to denote the set of all functions F : R + → R which satisfy conditions (F) and (F ) and to denote the set of all functions ψ : [, ∞) → [, ∞) such that ψ is continuous and ψ(t) =  if and only t = .
in which ψ ∈ and Proof Take x  = x ∈ X. Let x n = Tx n- for all n ∈ N. If there exists n ∈ N such that d(x n , Tx n ) =  then x = x n becomes a fixed point of T, which completes the proof. So, in the rest of the proof, we assume that
Hence, we have
So by the assumption of the theorem, we have
we get
which is a contradiction (from () and the property of ϕ, we have ψ(d(x n+ , x n+ )) > ). Thus, we conclude that
It follows from () and (F) that
Therefore {d(x n+ , x n )} n∈N is a nonnegative decreasing sequence of real numbers. Thus, there exists γ ≥  such that lim n→∞ d(x n+ , x n ) = γ . Letting n → ∞ in (), we have
This implies that ψ(γ ) =  and thus γ = . Consequently, we have
Now, we claim that {x n } ∞ n= is a Cauchy sequence. Arguing by contradiction, we assume that there exist > , and the sequences {p(n)} ∞ n= and {q(n)} ∞ n= of natural numbers such that, for all n ∈ N,
Observe that
So from (), we get
From the triangle inequality, we have
and
It follows from (), (), (), and () that
Again, using above process, we get
From () and the inequality
we have
From () and the inequality
It follows from () and () that
From () and (), we can choose a positive integer n  ∈ N such that
Therefore by assumption of theorem for every n ≥ n  , we have
taking the limit supremum as n → ∞ on each side of the above inequality and using (), (), (), and () we have
Also, we can show that
Taking the limit supremum as n → ∞ in () and using () and (), we get
which is a contradiction with > , and it follows that {x n } is a Cauchy sequence in X. By completeness of (X, d), {x n } ∞ n= converges to some point x * in X. Therefore,
We claim that, for every n ∈ N,
Suppose, on the contrary, that there exists m ∈ N such that
From () and (), we have
It follows from () and
. This is a contradiction.
Hence, () holds. If part (I) of () is true, then we have
letting n → ∞ and using (), we get
It follows from (), (F ), and the continuity of ϕ that
This yields x * = Tx * . If part (II) of () is true, using a similar method to the above, we get x * = Tx * . Hence, x * is a fixed point of T. Now we show that T has at most one fixed point. Indeed, if x * , y * ∈ X are two fixed points of T, such that x * = y * , then we have  =  s
and from the assumption of the theorem, we obtain
This gives ψ(d(y * , x * )) ≤ . Hence y * = x * . This completes the proof.
The following two theorems can be obtained easily by repeating the steps in the proof of Theorem .. Theorem . Let (X, d) be a complete b-metric space and T : X → X be a self-mapping such that, for every x, y ∈ X,
where N(x, y) is defined by () and ψ is defined as in Theorem .. Then T has a unique fixed point x * ∈ X and for every x ∈ X the sequence {T n x} ∞ n= converges to x * .
Theorem . Let (X, d) be a complete b-metric space and T : X → X be a self-mapping such that, for every x, y ∈ X, Hence T satisfies the assumption of Theorem ..
